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ON A THEOREM IN THE DIFFERENTIAL 
. CALCULUS. 


By E. W. Hobson, 


SUPPOSE it is required to express the result of the 
operation 


Fa (È ’ oe tery =) Ep (Er tq) My oor z)h 


where F, ¢ are any functions, and f, is a rational integral 
oo function of degree n in the differential operators ; 
it is clear that the expression can be exhibited in the form 


Xo ag +X, ap™ sagt WY. dp tee Ni dọ , 


where ,, Xi +++) X,-, denote functions of the p variables, 
the form of these functions being independent of the form 
of F, and depending only on f, and ¢. To determine the 


functions y, we may take F' to be of any form which is 
convenient ; let F {ġ} = ¢" the n™ power of ¢, we have then 


alge Serer ge) (8 Cota on spl 


=n! VA + X$ Heti XP" toot E Itl .(1); 


now 
J (È. T ...3 =) {P (yy Ly very «,)}" 


a (2 a 2) O(a hy aa 4, PTS 
1 2 p 


where on the right-hand side h,, A, ..., 2, are all put equal 
to zero after the operation is performed. 
Using the Binomial Theorem, we have 


‘ $ (2, + hy z + hy, nisi a, + hy) 
on n! 
x 2 F l (n- r) l ($ (z; vy pt x,)} {$ (a,+h,, rth, tery z+ h,) 


=o (2,5 Fyy 0005 A) e 
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operating on both sides of this equation with 


7 (È 2 ai 
Oh? Bh.) Oh 
we obtain an equation which must be equivalent to (1); 
comparing the coefficients of ¢”, we have 
ð ð 

Xr = AEA oh, spk A 

{$ (z, +h, 2+ hay ees Ut h aie P (ayy Byy very as 
where h,, h,, ..., k, are all put equal to zero after the operation 


is performed. 
We have thus obtained the following theorem— 


AC i ge) {P (@yy Ty 08 TA) 


1 d'F ð 0 \ p» 
=al ders (= rook an)? 
Lo RS fee Ss ON sande 
tat (n—1)! ap ah ? oh, Eii ai)? 
Fc ccccccccccceseccccccccocvcveccasccsesesccvecsoseas ; 


niine Ta a) pes 


where Pe (2, + hiz, By +06) 2, tR) > hy Sup 0009 Myr 


and h,, A, «++, h, are all put equal to zero in the result. 


It is clear that the coefficient of sash in (2) may be 
expressed in the form $ 


ray (ae, a m gq) [6 Go n ees te) 
= (n= 1) $ (tn Fy 09 %) fy (a T de =) 

[ (ayy ay ery 2] 
y CDOT Vb Gn: Ee IDAC ee ; Z ) 


[fp (ayy ta very eens 


—T PEPPER eee ee) PT RTT eorvesoceooes }. 
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The particular case of the theorem (2) in which there is 
i d ee ese . 
only one variable z, so that f, (= ) = 7,7 is given in 
Schlémilch’s Compendium der höheren Analysis, Vol. 11. 
: T shall now consider a case in which the theorem (2) takes 
a simple form; let $ (2,, 2,) ..-) 2) =P +r tte =p; in 


. 3 dF 
this case the coefficient of dg or aw 3 
1 ð ð ə t t 
aaa (gr s] oh,’ see ar, {h, +h, Het he 
+2 (A,z, + he, Foot ED) s 


where h,=0, h,=0, ..., h, =0; the only term in this ex- 
pression which does not vanish is 


1 ð ð ð (n = r) ! n=3p 
G-J (T Doen a) "rey - 

(hiz, + hye, toe) (Ay thy tee)” 
for this is the only term in which the degree of the operand 
in h,, h,, ++., h, is the same as that of the operator in 

Ds Seco A 
dh, ? oh, 9 tetty oh, . 
It is easily seen that if f, Y„ are two functions of the same 
degree n, 


od 9d} ð 
E (a, ? oh? aveg A Pa (h, h,, sinter h,) 
ð 
=p, (Š ? oh,’ gees a) faha hy, bt hy) 
it follows that the apemacnt of inn is equal to 


1 


Tena (aatem to an) 


a Ta Oh, > Oh, 
(E + S, Fii 5) RR Ea 
let ; z 

o g 2\r 

oh, $ gatet mm) A (hy h, poe h,) =) (hy hy, tla h,)» 
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then the above expression is equal to 


1 A NE ð A aai : 
Aari («5 a5. taan) Naar (ys hy voeghy)5 
if yop (yy Mar eeey hp) = BAR hter eh,"?, the only terms which 
do not vanish are 


1 n-3r (n—2r)! a G, a 

21 1 ella N aAA 
0° 0" a a 
x Oh," Oh, seey h, bh, 2, ...:9 

or 
1 gems Azeh 2% ... zep which is = 2”) ; 
rl 2 > Ti 1 x, 2 eee Ty p WOIC <r le ADs Xo cong Ta 9 
since 


oO oi ay" 
Anor (yy By eee By) = (a + e tt x) F (ta TE 


-r 


we see that the coefficient of pi we si 
d (p°) 


gn oO g o’ r 
ST (a t Sap tt aap) A Ce 0 e Sa 
1 3 Pp 


we have thus obtained the following theorem :— 
a0. 0 ð P 
| f (a pas a) F (a3 +2,’ +...+2,) 


= ft et TGP 12: Oe 
doy * 11 LON Y "at ETY 


n-3r -p 
ttr LEV" te} Sa (2o syaa AN 
where v= kad i “i cee pe 
on, Ox,’ ex? 
and por +2,  +...4 2, 


_ The theorem (3) I have given in a paper* “On a theorem 
in Differentiation, &c.,” where it is deduced from the theory 
of Spherical Harmonics. 


ee ee aa EE 


* See Proc. Lond. Math, Soc., Vol. XXIV., p. 67 
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In the particular case F (p°) = p?* the theorem (3) becomes 


s ca KA tes) 1 _ C1)" (p=2) p(p 2)...(pt 2n—4) 
"\Oz,? dz,’ 0 dx,) pt ae 
Pv" pv" 2 
. fl-a N 2.4 (2n +p — 4) (2n + p- 6) e: 


ACIE AEEA ETTE (4)° 


It is well known that ed Gs a solution of the equation 
v V=0, and it follows at once that 
J (i ð ð ) i 
n Oa,’ Ox,’ PETES 02, Ben 
satisfies the same equation, we see therefore that the expression 
on the right-hand side of (4) satisfies the equation y?V=0; 
now it can be verified at once that if V, (8 a, ..., %,) 18 a 
solution of the differential equation, so also is 


2ntp-3 ? 


we see therefore that the expression 
T RN OE T EON R, 
fn Dnt p—4’/**34an4 p—tant pao va O 
satisfies the differential equation y*V=0, when f, denotes any 
homogeneous integral function of degree n in the variables 
Ziy Lay e.g T All the solutions of y’V=0 which are rational 
algebraical functions of the variables may be obtained by 
giving f, various values; for example, the zonal harmonic is 
obtained by putting f, = ze 
A case of (3) which is of considerable importance is 
obtained by taking f (e, 2,, .., 2,) to be a solution of 
v'V=0; denoting the solution by Y, (a, My soy 2), the 
theorem (3) becomes 
Y, (2 eo. ae RG 
"\Ox,? Oz,’ an) F (p°) 
E A 
= GIF Ya (iy By veep By) ereer, (6). 
In particular, we have 
Ox, ’ Oz,’ , oz, pr * 
oy W VSE E D 
=(-1)" (p-2)p(p+2)...(p+ an—4) 2 Ente 24) (0), 


where, as before, p* denotes z, + 2,’ +...+ æ. 
Christ's College, Cambridge. 
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